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Subfa
tors and their invariantsQuadrilaterals of fa
tors von Neumann algebras and subfa
torsInvariants for subfa
torsModular invariants from subfa
torsPlanar algebrasSmall index subfa
tors and supertransitivityvon Neumann algebrasMurray-von Neumann: �Rings of Operators�Double Commutant Theorem: Let M be a self-adjoint algebraof bounded operators on a 
omplex Hilbert spa
e 
ontaining theidentity, and let M ′ be its 
ommutant. TFAE:(1) M = M ′′(2) M is 
losed in the topology of pointwise 
onvergen
ePinhas Grossman Subfa
tors and Planar Algebras



Subfa
tors and their invariantsQuadrilaterals of fa
tors von Neumann algebras and subfa
torsInvariants for subfa
torsModular invariants from subfa
torsPlanar algebrasSmall index subfa
tors and supertransitivityDe�nitionA fa
tor is a von Neumann algebras with trivial 
enter.Finite dimensional fa
tor ↔ 
omplex matrix algebraThree types of ∞-dim fa
tors, 
lassi�ed by eq. 
lasses ofproje
tions:Type I: M = B(H) - no �nite tra
e - proje
tions 
lassi�ed byrankType II1: admits �nite 
ontinuous tra
e - proj. 
lassi�ed bytra
e(Type II∞: in�nite matri
es over type II1)Type III: all proje
tions equivalentPinhas Grossman Subfa
tors and Planar Algebras



Subfa
tors and their invariantsQuadrilaterals of fa
tors von Neumann algebras and subfa
torsInvariants for subfa
torsModular invariants from subfa
torsPlanar algebrasSmall index subfa
tors and supertransitivityExamples of fa
torsDe�nitionThe group von Neumann algebra LG of a dis
rete group is the
losure of the group algebra in the left regular representaion onL2(G ) ( de�ned by (gf )(h) = f (g−1h) for f ∈ L2(G ) ) in thetopology of pointwise 
onvergen
e.The group von Neumann algebra is a fa
tor of Type II1 i� all thenontrivial 
onjuga
y 
lasses of G are in�nite. The (unique) tra
erestri
ted to the group algebra gives the 
oe�
ient of the identity.Example: Free groups G = Fn, n ≥ 2.LF2 ∼= LF3? Open! Pinhas Grossman Subfa
tors and Planar Algebras



Subfa
tors and their invariantsQuadrilaterals of fa
tors von Neumann algebras and subfa
torsInvariants for subfa
torsModular invariants from subfa
torsPlanar algebrasSmall index subfa
tors and supertransitivityPowers fa
torsLet φ0
λ, for 0 < λ < 1, be the state of M2(C) de�ned by

φ0
λ(

[ a b
 d ]

) = λa + (1− λ)d . Consider M0 = ⊗∞n=0M2(C) withthe produ
t state φλ obtained by applying φ0
λ to ea
h fa
tor. LetL2(M0, φλ) be the Hilbert spa
e 
ompletion of M0 with respe
t tothe inner produ
t indu
ed by φλ. M0 a
ts on L2(M0, φλ) bymultipli
ation, 
ontinuously extended. Let M = M0′′ (GNS
onstru
tion. ) M is a hyper�nite fa
tor - limit of �nitedimensional subalgebras. It is of Type II1 if λ = 12 ; Type IIIotherwise.Hyper�nite II1 fa
tor uniqueClassi�
ation of hyper�nite Type III fa
tors - ConnesPinhas Grossman Subfa
tors and Planar Algebras



Subfa
tors and their invariantsQuadrilaterals of fa
tors von Neumann algebras and subfa
torsInvariants for subfa
torsModular invariants from subfa
torsPlanar algebrasSmall index subfa
tors and supertransitivitySubfa
torsDe�nitionA subfa
tor is a unital in
lusion N ⊂ M of II1 fa
tors. It has�nite-index if M is �nitely generated as a module over N.Example: Let G be a �nite group a
ting by outer automorphismson M. Then MG ⊂ MH is a �nite-index subfa
tor.Galois 
orresponden
e: The intermediate subfa
tors N ⊂ P ⊂ Mare pre
isely the �xed point algebras MK for G ⊃ K ⊃ H.Every �nite group has a unique (up to 
onjuga
y) a
tion on thehyper�nite II1 fa
tor; 
an re
over group from subfa
tor.Pinhas Grossman Subfa
tors and Planar Algebras



Subfa
tors and their invariantsQuadrilaterals of fa
tors von Neumann algebras and subfa
torsInvariants for subfa
torsModular invariants from subfa
torsPlanar algebrasSmall index subfa
tors and supertransitivityInvariants for �nite-index subfa
tors
Index - numberPrin
ipal graphs - pair of bipartite graphsFusion algebra - tensor 
ategoryStandard invariant - planar algebra
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Subfa
tors and their invariantsQuadrilaterals of fa
tors von Neumann algebras and subfa
torsInvariants for subfa
torsModular invariants from subfa
torsPlanar algebrasSmall index subfa
tors and supertransitivityThe basi
 
onstru
tionLet N ⊂ M be a subfa
tor with Hilbert spa
e 
ompletionsL2(N) ⊂ L2(M), and let eN : L2(M) ։ L2(N) be the asso
iatedproje
tion. Then M1 =< M, eN > is a vN algebra on L2(M). TheJones Index is [M : N] = tr(eN)−1 if M1 is �nite or ∞ otherwise.Can iterate: M ⊂ M1 ⊂ M2to obtain a tower: N ⊂ M ⊂e1 M1 ⊂e2 M2...with Jones proje
tions ei : L2(Mk−1) ։ L2(Mk−2).For groups:MG ⊂ M ⊂ M ⋊ G Pinhas Grossman Subfa
tors and Planar Algebras



Subfa
tors and their invariantsQuadrilaterals of fa
tors von Neumann algebras and subfa
torsInvariants for subfa
torsModular invariants from subfa
torsPlanar algebrasSmall index subfa
tors and supertransitivityThe fusion algebra and prin
ipal graphN ⊂ M a subfa
tor, [M : N] < ∞, tower N ⊂ M ⊂ M1 ⊂ M2....Intertwiner Spa
esLet ρ = NMM , ρ̄ = MMN , ρk =

k
︷ ︸︸ ︷

ρ ⊗M ρ̄ ⊗N ρ.... ThenN ′ ∩Mk−1 ∼= End(ρk ).Can de�ne a bipartite graph:Even verti
es: E = { isomorphism 
lasses of irredu
ible N − Nbimodules o

uring in the de
omposition of ρk for some even k}Odd verti
es: O = { isomorphism 
lasses of irredu
ible N −Mbimodules o

uring in the de
omposition of ρk for some odd k}# of edges 
onne
ting α ∈ E to β ∈ O: multipli
ity of β in
α ⊗N ρ Pinhas Grossman Subfa
tors and Planar Algebras



Subfa
tors and their invariantsQuadrilaterals of fa
tors von Neumann algebras and subfa
torsInvariants for subfa
torsModular invariants from subfa
torsPlanar algebrasSmall index subfa
tors and supertransitivityDuality: Get another graph from M ⊂ M1; however M1 ⊂ M2gives the same graph as N ⊂ M.For MG ⊂ M, ea
h graph has exa
tly one odd vertex.One graph has an even vertex 
orresponding to ea
h irredu
iblerepresentation of G ; bimodules tensor same way as group reps.The other graph has an even vertex 
orresponding to ea
h groupelement; bimodules tensor as group multipli
ation.End(ρρ̄) ∼= CG and End(ρ̄ρ) ∼= L∞(G )

Pinhas Grossman Subfa
tors and Planar Algebras



Subfa
tors and their invariantsQuadrilaterals of fa
tors von Neumann algebras and subfa
torsInvariants for subfa
torsModular invariants from subfa
torsPlanar algebrasSmall index subfa
tors and supertransitivityThe standard invariantN ⊂ M a subfa
tor, [M : N] < ∞, tower N ⊂ M ⊂ M1 ⊂ M2....De�nitionThe standard invariant is
(N ′ ∩ N) ⊂ (N ′ ∩M) ⊂ (N ′ ∩M1) ⊂ ...

∪ ∪
(M ′ ∩M) ⊂ (M ′ ∩M1) ⊂ ...N ′ ∩ N = CId - always trivialN ′ ∩M may be trivial (irredu
ible subfa
tor)N ′ ∩M1 ∋ e1 - never trivial...N ′ ∩Mk ⊇ {e1, ..., ek}Pinhas Grossman Subfa
tors and Planar Algebras



Subfa
tors and their invariantsQuadrilaterals of fa
tors von Neumann algebras and subfa
torsInvariants for subfa
torsModular invariants from subfa
torsPlanar algebrasSmall index subfa
tors and supertransitivityDe�nitionA braiding for a subfa
tor is a 
hoi
e of bimodules {λi}i∈Erepresenting the even verti
es of the prin
ipal graph, and a set ofunitaries ελ,µ : λ ⊗ µ → µ ⊗ λ satisfying the braiding fusionequations. A braiding is nondegenerate if the only bimodule λfor whi
h ελ,µ = ε∗µ,λ for all µ is the identity bimodule NNN .
λ µ

µ λ

:= ελ,µ , λ µ

µ λ

= ε∗µ,λ , B.F.E.: λ

µ ν

x

ρ

ρ

µ ρ ν

ρ µ ν

=
λ

µ ν

x

ρ

ρ

λ ρ
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Subfa
tors and their invariantsQuadrilaterals of fa
tors von Neumann algebras and subfa
torsInvariants for subfa
torsModular invariants from subfa
torsPlanar algebrasSmall index subfa
tors and supertransitivityThe modular group of the torus is generated by the transformations
τ 7→ 1 + τ and τ 7→ − 1

τ
. These 
an be represented by the matri
esT =

[ 1 10 1 ] and S =

[ 0 −11 0 ] a
ting as fra
tional lineartransformations.If N ⊂ M is a braided subfa
tor, then the matrix given by thetra
es of the braiding operators ε(λ, µ)ε(µ, λ) is the image of S ina representation of the double 
over of the modular group for whi
hthe image of T is diagonal.(Rehren, Turaev).S : λ µ , T : λModular invariants (nonnegative integer matri
es whi
h 
ommutewith S and T ) studied (O
neanu, Xu, Bo
kenhauer, Evans,Kawahigashi, Gannon).Pinhas Grossman Subfa
tors and Planar Algebras



Subfa
tors and their invariantsQuadrilaterals of fa
tors von Neumann algebras and subfa
torsInvariants for subfa
torsModular invariants from subfa
torsPlanar algebrasSmall index subfa
tors and supertransitivityThe Temperley-Lieb algebrasTL relationsThe Jones proje
tions of a subfa
tor e1, e2, ... satisfy:eiei±1ei = τei , eiej = ejei |i − j | > 1Kaufmann diagrammati
s: Let TLn(δ) be the 
omplex algebrade�ned on a basis of planar diagrams on 2n points withmultipli
ation given by �
on
atenation of diagrams�, where ea
h
losed loop 
ontributes a fa
tor of δ.Example: *

*

*

*
*

*

*
*

*

*

*

*

= δ

*

*
*

*

*

*

(in TL3)Pinhas Grossman Subfa
tors and Planar Algebras



Subfa
tors and their invariantsQuadrilaterals of fa
tors von Neumann algebras and subfa
torsInvariants for subfa
torsModular invariants from subfa
torsPlanar algebrasSmall index subfa
tors and supertransitivityA set of generatorsE1,E2,E3,E4: *

*
* *

*

*

* *
*

*

* , *

*
* *

*

*

* *
*

*

* , *
* *

*

*

* *
*

*

** , *

*
* *

*

*

* *
*

*

*

Relations: EiEj = EjEi if |i − j | > 1, EiEi±1Ei = Ei .Let N ⊂ M ⊂e1 M1 ⊂e2 M2... be the Jones tower of a subfa
tor.There is a surje
tive map TL([M : N]
12 ) ։ e1, e2, ... given byEi 7→ δei . If [M : N] ≥ 4 then this map is an isomorphism.Pinhas Grossman Subfa
tors and Planar Algebras



Subfa
tors and their invariantsQuadrilaterals of fa
tors von Neumann algebras and subfa
torsInvariants for subfa
torsModular invariants from subfa
torsPlanar algebrasSmall index subfa
tors and supertransitivityPlanar tanglesExample: *

*

*Think of internal dis
s an �inputs� and external dis
 as �outputs�.Tangles 
an be 
omposed:Example: *

*

*
*

*

*

= *

* *

* = * * *

*Colle
tion of planar tangles forms an operad.Pinhas Grossman Subfa
tors and Planar Algebras



Subfa
tors and their invariantsQuadrilaterals of fa
tors von Neumann algebras and subfa
torsInvariants for subfa
torsModular invariants from subfa
torsPlanar algebrasSmall index subfa
tors and supertransitivityPlanar AlgebrasA planar tangle a
ts on the Temperley-Lieb algebras by gluing theTemperley-Lieb diagrams into the input dis
s of the tangle andremoving the boundary.
*

* *

*

*

=

*

=

*

Here we think of the tangle as a map from TL2xTL3 to TL5.Pinhas Grossman Subfa
tors and Planar Algebras



Subfa
tors and their invariantsQuadrilaterals of fa
tors von Neumann algebras and subfa
torsInvariants for subfa
torsModular invariants from subfa
torsPlanar algebrasSmall index subfa
tors and supertransitivityDe�nitionA planar algebra 
onsists of a ve
tor spa
eP0 ⊂ P1 ⊂ P2 ⊂ ...along with an a
tion of the operad of planar tangles.The standard invariant of a subfa
tor has a planar algebra stru
turetaking Pk = N ′ ∩Mk−1 (Jones).Jones proje
tions ⇐⇒ TL algebrasstandard invariant ⇐⇒ planar algebraPinhas Grossman Subfa
tors and Planar Algebras



Subfa
tors and their invariantsQuadrilaterals of fa
tors von Neumann algebras and subfa
torsInvariants for subfa
torsModular invariants from subfa
torsPlanar algebrasSmall index subfa
tors and supertransitivityA subfa
tor planar algebra is a planar algebra with some
onditions on maps to P0 - ne
essarily arises as standard invariantof a subfa
tor (Popa).Original proof very di�
ult and te
hni
al - what is the underlyingsubfa
tor?New proof using planar algebras - Guionnet-Jones-ShlyakhtenkoUnderlying subfa
tor is des
ribed in terms of planar algebra.Random matrix te
hniques used in proof.What kind of fa
tors involved?Free group fa
tor on in�nitely many generators universal forsubfa
tor theory - Popa-ShlyakhtenkoPinhas Grossman Subfa
tors and Planar Algebras



Subfa
tors and their invariantsQuadrilaterals of fa
tors von Neumann algebras and subfa
torsInvariants for subfa
torsModular invariants from subfa
torsPlanar algebrasSmall index subfa
tors and supertransitivitySubfa
tors with index less than 4Jones Index Theorem: Let N ⊂ M be a subfa
tor with
[M : N] < 4. Then [M : N] = 4
os2 πk for some k = 3, 4, ....Subfa
tors with [M : N] < 4 are 
lassi�ed up to isomorphism of theplanar algebra by their prin
ipal graphs, whi
h are Coxeter-Dynkindiagrams of Type An,D2n,E6,E8, ex
ept that there are twodi�erent ones ea
h for E6 and E8 (O
neanu)..Every index above 4 is realized - but by irredu
ible, hyper�nitesubfa
tors? Still unknown.Pinhas Grossman Subfa
tors and Planar Algebras



Subfa
tors and their invariantsQuadrilaterals of fa
tors von Neumann algebras and subfa
torsInvariants for subfa
torsModular invariants from subfa
torsPlanar algebrasSmall index subfa
tors and supertransitivitySubfa
tors with index 4 have prin
ipal graphsA∞,A−∞,∞,D∞,A(1)n ,D(1)n ,E (1)6 ,E (1)7 ,E (1)8A subfa
tor has �nite depth if the prin
ipal graph is �nite. List ofpossible graphs of small index �nite depth subfa
tors - HaagerupSmallest index above 4: Haagerup subfa
tor with index 5+√132Also interesting: Haagerup-Asaeda subfa
tor with index 5+√172Extended Haagerup subfa
tor re
ently 
onstru
ted using planaralgebra te
hniques (Bigelow-Morrison-Peters-Snyder).Pinhas Grossman Subfa
tors and Planar Algebras



Subfa
tors and their invariantsQuadrilaterals of fa
tors von Neumann algebras and subfa
torsInvariants for subfa
torsModular invariants from subfa
torsPlanar algebrasSmall index subfa
tors and supertransitivityPrin
ipal graphs and supertransitivityA subfa
tor is k-supertransitive if the �rst k levels of the planaralgebras are generated by �empty� diagrams.
.......* An is k-supertransitive for all k .
.......* D2n is 2n − 3-supertransitive.

* E6 is 2-supertransitive.
* E8 is 4-supertransitive.
* the Haagerup subfa
tor is3-supertransitive. Pinhas Grossman Subfa
tors and Planar Algebras



Subfa
tors and their invariantsQuadrilaterals of fa
torsQuadrilateral of fa
tors:P ⊂ M
∪ ∪N ⊂ Q where P ∨ Q = M,P ∧ Q = N.Dual quadrilateral:P ′ ⊂ N ′

∪ ∪M ′ ⊂ Q ′A quadrilateral 
ommutes if ePeQ = eQeP . It 
o
ommutes if itsdual 
ommutes.Sano and Watatani: anglesAng(P ,Q) = spe
(
os−1(√ePeQeP − (eP ∧ eQ)))Pinhas Grossman Subfa
tors and Planar Algebras



Subfa
tors and their invariantsQuadrilaterals of fa
torsQuadrilaterals with no extra stru
tureCommuting + 

o
ommuting: tensor produ
t.Non
ommuting quadrilaterals?Example: Let G = S3, outer a
tion on M, H and K distin
t order2 subgroups. Then MH ⊂ M
∪ ∪MG ⊂ MKdoes not 
ommute (sin
e HK 6= KH), but does 
o
ommute. Theelementary subfa
tors are all supertransitive.Pinhas Grossman Subfa
tors and Planar Algebras



Subfa
tors and their invariantsQuadrilaterals of fa
torsTheorem (G-Jones)Let P ⊂ M
∪ ∪N ⊂ Q be a non
ommuting quadrilateral su
h that theelementary subfa
tors are supertransitive. Then either1) N is the �xed-point algebra of an outer a
tion of the symmetri
group S3 on Mor2) [M : P ] = [P : N] = 2 +

√2.In either 
ase the planar algebra for N ⊂ M is uniquely determined.True even if only 4-supertransitive (Izumi).Pinhas Grossman Subfa
tors and Planar Algebras



Subfa
tors and their invariantsQuadrilaterals of fa
torsThe two examplesThe S3 quadrilateral is 
o
ommuting and we have
[M : P ] = [M : Q] = 2 and [P : N] = [Q : N] = 3. The fullintermediate subfa
tor latti
e is M

N

S

RP        Q and the angle betweenP and Q is π/3.The other quadrilateral is non
o
ommuting, all of the sides haveindex 2 +
√2, the full intermediate subfa
tor latti
e is

M

N

R

S

P          Q P
~

Q
~ and the angle between P and Q is 
os−1(√2− 1).Pinhas Grossman Subfa
tors and Planar Algebras



Subfa
tors and their invariantsQuadrilaterals of fa
tors
Theorem (G-Izumi)Let P ⊂ M

∪ ∪N ⊂ Q be a non
ommuting quadrilateral su
h that theelementary subfa
tors are 3-supertransitive. Then either1) the quadrilateral 
o
ommutes and [M : P ] = [P : N] − 1or2) the quadrilateral does not 
o
ommute and [M : P ] = [P : N].
Pinhas Grossman Subfa
tors and Planar Algebras



Subfa
tors and their invariantsQuadrilaterals of fa
torsSmall-index quadrilateralsTheorem (G-Izumi)Let P ⊂ M
∪ ∪N ⊂ Q be a non
ommuting quadrilateral with

[M : P ], [M : Q], [P : N], [Q : N] ≤ 4. Then the prin
ipal graphs
(GN⊂P ,GP⊂M) = (GN⊂Q ,GQ⊂M) are one of the following pairs:

(A7,A7), (E (1)7 ,E (1)7 )

(A5,A3), (D6,A4), (E (1)7 ,A5), (E (1)6 ,D4)
(D(1)6 ,A3)There is a unique planar algebra with ea
h 
on�guration.Pinhas Grossman Subfa
tors and Planar Algebras



Subfa
tors and their invariantsQuadrilaterals of fa
torsQuadrilaterals of Haagerup subfa
torsHaagerup subfa
tor - index 5 +
√132 , prin
ipal graph

*1)Exists non
ommuting, non
o
ommuting quadrilateral su
h thatall of the elementary subfa
tors have index 5 +
√132 .2)Exists non
ommuting but 
o
ommuting quadrilateral su
h thatthe upper subfa
tors have index 5 +

√132 and the lower subfa
torshave index 7 +
√132 .Pinhas Grossman Subfa
tors and Planar Algebras
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